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In this report, a maximum likelihood model is developed to incorporate data uncertainty in response and
explanatory variables when ﬁtting power-law bivariate relationships in ecology and evolution. This
simple likelihood model is applied to an empirical data set related to the allometric relationship between
body mass and length of Sciuridae species worldwide. The results show that the values of parameters
estimated by the proposed likelihood model are substantially different from those ﬁtted by the nonlinear
least-of-square (NLOS) method. Accordingly, the power-law models ﬁtted by both methods have
different curvilinear shapes. These discrepancies are caused by the integration of measurement errors in
the proposed likelihood model, in which NLOS method fails to do. Because the current likelihood model
and the NLOS method can show different results, the inclusion of measurement errors may offer new
insights into the interpretation of scaling or power laws in ecology and evolution.
Copyright  2016, National Science Museum of Korea (NSMK) and Korea National Arboretum (KNA).
Production and hosting by Elsevier. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).Introduction
Bivariate relationships have been widely studied in the ﬁelds
of ecology and evolution. A suite of bivariate relationships has
been widely documented in previous literature, including allo-
metric relationship (Manaster and Manaster 1975; White 2011),
species-area relationship (Connor and McCoy 1979; Rosenzweig
1995; Solmos and Lele 2012), etc. Among the alternative statis-
tical models in bivariate analysis, the least-of-square ﬁtting
technique (Leonard 2011) is one of the most appropriate methods
applied for investigating allometric relationship (White 2011) or
species-area relationship (Connor and McCoy 1979; Triantis et al
2012).
Conventionally statistical methods typically do not take into
account the issue of data uncertainty. In thesemethods, the average
is taken when one object is measured multiple times. These aver-
ages over different objects are then used for ordinary least square
ﬁtting. However, this averaging practice might result in loss of a lot
of information inherited in the raw data, because the average ofuseum of Korea (NSMK) and
National Science Museum of Korea
license (http://creativecommons.different individual measures cannot reﬂect the dispersion of the
data and the contribution of individual variation (Felsenstein 2008;
Ives et al 2007; Revell and Reynolds 2012; Violle et al 2012). As
such, when one wants to better quantify exact slope values in
power-law bivariate models, the inﬂuence of data uncertainty
indicated by the standard deviation of the data should be not
neglected. Therefore, it is necessary to develop new statistical
methods to cope with data uncertainty issue for ﬁtting bivariate
relationships. Accordingly, the central objective of this work is to
develop a simple maximum likelihood model to estimate the
associated parameters in bivariate models by considering the un-
certainty of the raw data.Materials and methods
A maximum likelihood model is developed for measuring un-
certainties in both response and explanatory variables in bivariate
regression models.
Similar to a previous study (Ma et al 2013), the maximum
likelihood model is formulated as follows: assume that in the
empirical data set each data point (x, y) is supplied with mea-
surement errors in both explanatory and response variables as (dx,
dy). The bivariate function that is required to ﬁt is Y¼ f(X), where (X,
Y) represents any point on the ﬁtted curve.(NSMK) and Korea National Arboretum (KNA). Production and hosting by Elsevier.
org/licenses/by-nc-nd/4.0/).
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focused empirical point (x, y) has the highest explanatory power.
Then, it is necessary to measure the following quantity to minimize
the difference
y f ðxÞ
¼ ðy YÞ þ ½Y  f ðxÞ
¼ ðy YÞ þ ½f ðxÞ  f ðxÞ
¼ ðy YÞ þ f 0ðxÞðX  xÞ
(1)
As such, the variance for the left-side quantity is given by (Ma
et al 2013)
Var½y f ðxÞ
¼ Varðy YÞ þ f 0ðxÞ2Var½ðX  xÞ
¼ dy2 þ f 0ðxÞ2dx2
(2)
Consequently, the likelihood model for many empirical points
can be formulated as follows:
Likelihood½f ðxÞ ¼
YN
k¼1
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where N represents the total number of empirical data points, and
the subscript k denotes the kth data point.
For the simple power-law bivariate model y¼ axb, the likelihood
formula for estimating unknown parameters a and b, using the
aforementioned likelihood equation [Eq. (3)], shall be written as
follows:
Likelihood½f ðxÞ ¼
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(4)
In this work, Eq. (4) was used for ﬁtting allometric relationship
between body mass and length of Sciuridae species. Because there
is no clear consensus on whether logarithmic transformation
should be applied for empirical data when ﬁtting bivariate models
in either species-area or allometric relationships (Ballantyne 2013;
Chen 2009; Connor andMcCoy 1979; Manaster andManaster 1975;
Packard 2013), the maximum likelihood model with data uncer-
tainty described hereinwill be applied on the original data without
logarithmic transformation.
The likelihood model [Eq. (3)] can be applied to the situations
when any of the variables do not containmeasurement uncertainty.
If the explanatory variable X is deterministic (i.e. no dx or dx¼ 0, but
dy s 0), the likelihood model [Eq. (3)] will be reformulated as
follows:
Likelihood½f ðxÞ ¼
YN
k¼1
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pdy2k
q exp
 
 1
2
(
½yk  f ðxkÞ2
dy2k
)!
(5)
By contrast, when the response variable Y is measured without
uncertainty (i.e. no dy or dy¼ 0, but dx s 0), then the likelihood
model is written asLikelihood½f ðxÞ¼
YN 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃh ir exp
 
1
(
½ykf ðxkÞ2h i
)!
k¼1 2p f 0ðxkÞ2dx2k
2 f 0ðxkÞ2dx2k
(6)
Finally, when both X and Y do not contain uncertainty, the
likelihood model is reduced to the simple least-of-square model as
Likelihood½f ðxÞ ¼
YN
k¼1
exp

 1
2
½yk  f ðxkÞ2

(7)
For comparison, the conventional nonlinear least-of-square
(NLOS) method is applied on the empirical data sets, but the
measurement error terms (dx, dy) are simply ignored when car-
rying out the ﬁtting procedure on the raw data points (x, y).
Consequently, the NLOS method implemented here is equivalent to
Eq. (7) described earlier. For the estimation of the parameters, 95%
conﬁdence intervals are derived using the Fisher information ma-
trix, which is computed as
½IðqÞ ¼ E
 
v2 logfLikelihood½f ðxÞg
vqvqT
!
(8)
where the parameter vector is represented by q ¼ {a, b}.
Therefore, the asymptotic varianceecovariance matrix is con-
structed as
VCVðqÞ ¼ ½IðqÞ1 (9)
where VCV is the varianceecovariance matrix.
Thus, the variance for parameters a and b is given by the diag-
onal elements of the matrix VCV(q), which can be used to compute
the 95% conﬁdence interval of the parameters. An R script for
implementing the aforementioned models is available from the
author upon request. The 95% conﬁdence interval for the ﬁtted
parameters can also be calculated using simple nonparametric
bootstrapping, but it is computer intensive and time consuming.An empirical data set
Data on body mass (g) and length (mm) for 170 species from the
family Sciuridae were derived from a previous study (Hayssen
2008). In the original data set, the body mass and length for each
species were measured for female, male, and adult, respectively.
However, there were some missing data. Thus, for obtaining stan-
dard deviation of the data, species with too many missing data
were dropped from the original data set, which eventually resulted
in a data matrix with 170 species.
Because each species will have its separate body length and
mass data for female, male, and adult, respectively, measure
uncertainties are encountered if one wants to infer a general
allometric relationship between body mass and length for
Sciuridae species regardless of sex and growth status of the
species. The general allometric relationship might have to be
deduced by applying one of these two methods: (1) by taking the
averages of three allometric sex- or growth-biased relationships
estimated separately by the NLOS method; or (2) by obtaining a
general allometric relationship in order to ﬁt the NLOS method
into the mean body mass and length data assembled from the
raw data. However, both handling methods will deﬁnitely result
in loss of information relevant to the body mass and length of
species. In the author’s comparative study, the second method
was adopted.
Y Chen / Journal of Asia-Paciﬁc Biodiversity 9 (2016) 392e395394Results
Through numerical optimization, the ﬁtting values for param-
eters a and b were found to be remarkably different between the
conventional model without uncertainty [Eq. (7)] and the model
with uncertainty [Eq. (3)]. The NLOS model has an allometric
equation given by mass¼ 7.49610e06 length3.25 (Figure 1),
whereas the current likelihood model using Eq. (4) has the
following form: mass¼ 2.09510e05 length3.076 (Figure 1).
For the proposed likelihood model with data uncertainties,
based on the asymptotic varianceecovariance matrix calculated by
the Fisher information matrix, the estimated parameters a and b
have the 95% conﬁdence intervals as [e4.48 10e06, 1.9510e05]
and [3.073, 3.079], respectively. Correspondingly, for the NLOS
model without uncertainties, the estimated parameters a and b
have the 95% conﬁdence intervals as [7.5610e06, 7.6610e06]
and [3.249, 3.251], respectively. As shown in the data analysis, the
NLOS model has much narrower 95% conﬁdence intervals for the
two parameters (especially for parameter a) in comparison with
those for the proposed likelihood model with data uncertainties.
Moreover, as seen in Figure 1, the curvilinear shapes for both
models are slightly different, especially in the regionwhere the body
lengths andmasses are small. However, the curve accounting for data
uncertainty using the proposed likelihood model (black line) is sub-
stantially lower than that ignoring data uncertainty with the NLOS
model (red line) for data points with large body lengths and masses.
Such a discrepancy in the shape and parameter patterns is apparently
caused by themeasurement errors in the bodymass and length data,
which are assembled from the separated data sets for female, male,
and adult categories (Hayssen 2008). To summarize, measurement
uncertainties pull down the increasing trend of the curvewhen body
lengths of Sciuridae species are high (Figure 1).0020010
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Figure 1. Fitting the mean body lengthemass allometric relationship for Sciuridae species w
proposed maximum likelihood [Eq. (3)] and nonlinear least-of-square methods, respect
mass¼ 2.09510e05 length3.076. By contrast, the ﬁtted allometric relationship without ac
and vertical gray bars for each data point indicate standard deviations on the length and mDiscussion
Body lengthemass allometry has been extensively studied in
evolutionary literature (Feldman and Meiri 2013; Hayssen 2008).
By comparing the results with the previous study on the power-law
allometric relationship for 170 Sciuridae species (Hayssen 2008), it
was found that the estimated parameter and curve patterns are
considerably different when data uncertainty is taken into
consideration in terms of both estimated values and curve shapes
(Figure 1).
Considering that the data uncertainty should accurately reﬂect
the nature of data and effectively control the measurement errors
when estimating associated parameters, in this work, a new
maximum likelihood model was developed for controlling the
uncertainties in explanatory and response variables when studying
bivariate relationships.
The importance of individually repeated data has attracted bi-
ologists’ eyes in the past several years (Violle et al 2012). These
individually repeated data indicate “intraspeciﬁc” or “within-spe-
cies” variation in ecological and evolutionary studies (Felsenstein
2008; Ives et al 2007; Revell and Reynolds 2012; Violle et al
2012). Associated statistical models have been developed in
recent studies for taking into account the inﬂuence of intraspeciﬁc
variability in evolutionary biology (Revell and Reynolds 2012).
However, to the author’s knowledge, there are not many new sta-
tistical methods tailored for capturing data uncertainty. As such,
the method explained in this paper represents the need to develop
more robust statistical methods to consider and control the sam-
pling errors in both explanatory and response variables.
The inﬂuence of data uncertainty would become very critical
when these measurement errors are very high. As showed in the
likelihood model [Eq. (3)], the higher dx and/or dy each data point005004003
ngth (mm)
orldwide with (black line) and without (red line) considering data uncertainty using the
ively. The resultant ﬁtted relationship accounting for data uncertainty is given by
counting for data uncertainty is given as mass¼ 7.496 10e06 length3.25. Horizontal
ass data, respectively.
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the estimation of the parameters derived from this model [Eq. (3)]
would largely deviate from those estimated from the LOS model
ignoring measurement error terms.
The method proposed here is very simple by weighting the
point-speciﬁc standard deviation of both independent and
response variables [Eq. (3)]. Thus, the method proposed might be
regarded as a form of nonlinear weighted regression model.
Because it is very common to encounter data uncertainty when
measuring the life history data for individuals of species, it is
very reasonable to utilize the statistical methods to elucidate the
bivariate relationships by taking into account the measurement
uncertainty, as in the maximum likelihood method proposed
here.
It is worth mentioning that the empirical data set used at
present (Hayssen 2008) might not truly reﬂect measurement
uncertainty because these data are not derived from the
measured data for individuals of the species. However, because
the author was interested in ﬁnding a general allometric rule to
be applied for Sciuridae species, it is rational to treat these sex-
and growth-biased data as a form of data uncertainty for ﬁnding
a general allometric rule irrespective of sex and growth status of
species. Thus, the Sciuridae example used here is a good empir-
ical demonstration for applying the present maximum likelihood
model [Eq. (3)] for controlling measurement uncertainty.
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